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This paper is a continuation of our previous paper [14] . In Section 1, we first study the Cheng-Yau's self-adjoint operator [] for a given Codazzi tensor field r r on an n-dimensional compact Riemannian manifold. We obtain a general rigidity theorem (see Theorem 1.1) which generalizes Cheng Yau's works ( [5] ). One of our conditions is (0.1) IV0[ 2 > IV(tr r which is the natural generalization of one of the following two conditions, (1) tr r (2) (tr r ]r =constant_>0. We also note that the condition (0.1) comes out naturally when we study the operatot []. Let M be an n-dimensional hypersurface in an (n+ 1)-dimensional real space form Rn+l(c). Observing that the second fundamental form tensor hij is a natural Codazzi tensor on M, in Section 2, we apply the study of Section 1 to these hypersurfaces and obtain general rigidity results (see Theorem 2.1 and Theorem 2.2) which unify some existing results. Condition (0.1) becomes in this case (0,2) IvBI 2 ~ n21VHI 2,
where IVB[2=Ei,j,k h~jk, H=(1/n)•k hkk. Thus condition (0.2) is the natural generalization of one of the following two conditions, (1) H=constant, (2) R-c=constant_>0, where R is the normalized scalar curvature. The case (1) has been studied by many authors (see [24] , [26] , [17] and [2] ); case (2) has been studied by [5] and [14] . Our rigidity theorems unify some existing results. In Section 3, we check the geometric meaning of our condition (0.2) for the simplest case n=2. If M is a W-surface, then we find that condition (0.2) is equivalent to the concept "special W-surface" which was first introduced by S. S. Chern [6] for surfaces in R 3. Thus condition (0.2) can be considered a natural generalization of the concept of special W-surfaces to higher dimensional hypersurfaces. Our results in this section generalize Chern's results. Let M be an n-dimensional spacelike hypersurface in an (n4.1)-dimensional Lorentzian space form R~+l(c) . Observing that the second fundamental form tensor his is a natural Codazzi tensor on M, in Section 4, we apply the study of Section 1 to these hypersurfaces and obtain some rigidity theorems which naturally generalize the existing results of Akutagawa [1] , Ramanathan [21] and Montiel [15] about Goddard's conjecture [10] . In this section, we also propose two problems related to Goddard's conjecture.
Cheng-Yau's self-adjoint operator []
Let M be an n-dimensional Riemannian manifold, el ,... , en a local orthonorreal frame field on M, and col ,... , con its dual coframe field. Then the structure equations of M are given by ( [9] , [19] , [23] 
Since [] is self-adjoint and M is compact, we get by integration of (1.17)
Our first result is the following theorem. In this paper, we also need the following Mgebraic lemma which was first used by Okumura [18] (also see [26] , [2] and [14] ). Lemma 1.3. Let #i, i=1,... ,n, be real numbers such that ~i#i=0 and 2__ 2 ~i#i--/~ , where/3=constant>0. Then (1.23) n-2 3 3 n-2 i and equality holds in (1.23) if and only if (n-1) of the #i are equal.
Proof. We can obtain Lemma 1.3 by using the method of Lagrange's multipliers to find the critical points of ~i #~ subject to the conditions ~ #i =0 and ~i tt~ =/32. We omit it here.
Hypersurfaces in a real space form
Let Rn+l(c) be an (n+l)-dimensional Riemannian manifold with constant sectional curvature c. We also call it a real space form. When c>0, Rn+l(c)=
Let M be an n-dimensional compact hypersurface in Rn+I(c). For any pEM we choose a local orthonormM frame el ,... , en, en+l in R ~+l(e) around p such that el ,... , en are tangential to M. Take the corresponding dual coframe {wl,... ,w~,W~+l}. In this paper we make the following convention on the range of indices,
I<A,B,C<_n+I;
l<i,j,k<_n.
The structure equations of Rn+l(c) are
If we denote by the same letters the restrictions of WA, 02AB to M, we have
where Rijkl is the curvature tensor of the induced metric on M.
Restricted to M, Wn+l=0, thus
and by Cartan's lemma we can write
The quadratic form B=~i,j hijwiQ~oj is the second fundamental form of M. The Gauss equation is
where R is the normalized scalar curvature, H=(1/n)~i hii the mean curvature Let r in Section 1 and hij=AiSij. We have from (1.18)
By use of (2.5), we have 
Putting (2.14) into (2.9), we obtain the following key integral inequality
= fM[lVB?-2'VHI2]+/M[(IBI2-H2)
Note that we assume n2H 2 +4(n-1)c_>0, if c<0.
From (2.15), we get the following result. 
In the latter case, when H=0, we have c>0 and the conclusion comes from [7] nR< IB? < R.
----n--2
From an inequality of Chen-Okumura [3] , we know that (2.17") or (2.19") implies that the sectional curvature K of/1/i is nonnegative, i.e., K_>0. Thus, from Hartman's theorem [11] , we obtain the following result. 
Taking the covariant derivative of (2.25), we have for each k 2 E hijhiyk = (2nSH-n(n -1)a)Hk.
i,j
It follows that --k " i,j z By (2.24) and (2.25), we have (2n2H -n(n-1)a) 2 -4n 2 IB 12 = (4n4H 2 +n 2 (n-1)2a 2 -4n 3 (n-1)Ha) (2. 2 7) -n 2 (4rt 2 H 2 + 4n (n-1)( c-all)) = n 2 (n-1) ((n-1)a 2 -4nc) > O.
Combining (2.26) with (2.27), we see that (2.22) holds. Thus we conclude that there are at most two constant and distinct Ai's by Theorem 2.2 and the assumption (2.24). This completes the proof of Corollary 2.5.
Surfaces in a 3-dimensional real space form R3(c)
In this section we will check the geometric meaning of the condition 
Thus we know that h112 +h122 _> hlllh122+hl12h222.
We first recall a notion introduced by S. S. Chern for surfaces in 3-dimensional Euclidean space (see [6] ). Proof. Let F(;h, A2)=a(K-c)+bH+d=O. We have
OF OF =a2(K_c)+abH+~ 0~10A2 > a2(K-c)+abH+ad = O.
This completes the proof of Corollary 3.1.
Corollary 3.2. A convex special W-surface in the 3-dimensional Euclidean
Proof. We only need to note that M is called convex, if K>0 on M. Remark 3.1. For n----2, our condition (3.1) is almost equivalent to the concept "special W-surface" first introduced by S. S. Chern [6] . Thus condition (3.1) can be considered a natural generalization of the concept of "special W-surface" to the higher hypersurfaces in Rn+l(c). We make the convention on the range of --0in+ 1 9 indices that l <_i,j, k<n.
Spacelike hypersurfaces in a Lorentzian space form
A well-known argument [4] shows that the forms win+l may be expressed as
Win+l=~-~j hijwj, hij=hji. The second fundamental form B=~i,j hijwi|
The mean curvature of M is given by H= (l/n) ~i hii.
The Gauss equations are [21] or [15] ) Let M be an n-dimensional complete spacelike hypersurface in de Sitter space S~+l(c) with constant mean curvature H satisfying H 2 <4(n-1)/n 2. Then M is totally umbilical.
Proof. Since the constant mean curvature H satisfies H2<4(n-1)/n 2, we can choose e with 4(n-1)/n2-HS>e>O. We obtain Corollary 4.1 from Theorem 4.2.
Remark 4.1. Theorem 4.2 is the best possible (n>2) since Corollary 4.1 is the best possible (see [15] ).
Goddard [10] conjectured that complete spacelike hypersurfaces with constant mean curvature H must be totally umbilical. Later, Akutagawa [1] has proved that Goddard's conjecture is true when H2<4(n-1)c/n 2, if n>2, and when H2<_c, if n=2. (Ramanathan [21] has independently studied the case n=2.) It'was pointed out that the conjecture is false by Akutagawa [1] and Ramanathan [21] when H 2 >c, in case n=2 and by Montiel [15] when H2>_4(n-1)c/n 2 in case n>2. Moreover, Montiel [15] solved Goddard's conjecture in the compact case without restrictions on the range of H. In this paper, we also prove the following theorem. It is a direct check that the assumption R>_(n-2)c/n implies that (4.18) holds. Thus from (4.11), (4.16) and (4.17), we can prove that M is totally umbilical just as the proof of Theorem 4.1.
Comparing Theorem 4.3 with Montiel's result about constant mean curvature, we find that the following problem is very interesting. In this part of this paper, we consider the classification of the complete spacelike surfaces in the 3-dimensional de Sitter space $13(1) with constant Gauss curvature. Proof. Noting that K>0 implies that M is compact by Bonnet-Myers' theorem, we obtain These surfaces have been studied by Dajczer and Nomizu [8] , who have proved that ft induces the standard fiat metric on R 2 and has principal curvatures t/(1 +t 2) 1/2 and (1+t2)l/2 /t, i.e. K=0. These surfaces are not totally umbilical and complete.
The following proposition can be proved by a similar method as Theorem 41 on p. 137 of [25] . Then either M is totally umbilical, or M has two different principal curvatures.
Corollary 4.2. Assume that M is an n-dimensional compact spacelike hypersurface with nonnegative sectional curvature in an (n+ l )-dimensional de Sitter space S{~+l(c). Suppose that one of the following conditions holds:
(1) the mean curvature H is constant, (2) the normalized scalar curvature R is constant and not greater than c. Then M is totally umbilical.
Proof. It is clear that case (1) implies (4.22). Now we assume that R-c= constant_<0. By the Gauss equation (4.3), we have Taking the covariant derivative of (4.24), we have for every k ( 2n2 H +n(n-1)a) 2-4n21BI 2 = ( 4n 4 H2 + n2(n-1)2 a2 + 4n3(n-1)Ha) -n 2 (4n 2 H 2 -4n(n-1) (c-all)) = n 2 (n-1)((n-1)a 2 +4nc) > 0.
Combining (4.25) with (4.26), we find that (4.22) holds. Thus we conclude that there are at most two constant and distinct Ai's by Proposition 4.3 and the assumption (4.23). It follows that M is totally umbilical from the compactness of M. This completes the proof of Corollary 4.3.
